The effects of vertical resolution and the upper boundary on the structure of the planetary waves in numerical models are investigated with a simplified one dimensional model, using the quasi-geostrophic, mid-latitude *-plane approximation.
Introduction
It is well known that stationary planetary waves are generated by the earth's surface topography and diabatic heating or cooling in the lower troposphere and propagate upward into the stratosphere and sometimes into the mesosphere.
Within the frame work of linear theory, dynamics of the waves have been discussed by many authors, e. g. Charney and Drazin (1961) , Eliassen and Palm (1961) , Matsuno (1970) and now the natures of the waves as mentioned above are well established.
In numerical models of the general circulation, the stationary planetary waves are reproduced at least qualitatively (Manabe and Terpstra, 1974; Kasahara et al. 1973) . Nevertheless, the stationary planetary waves are not adequately simulated in atmospheric models currently used in the numerical weather prediction, probably because they have relatively low vertical grid resolution and sometimes do not include the stratospheric levels owing to the limitation of computer capacity. The scarcity of the global observational data may be another cause of the difficulty. All these factors are fatal to simulate and forecast the planetary waves. (For the baroclinic unstable waves, it is not so fatal because they are confined in the troposphere and their scale is smaller.) For example, Itoo and Isono (1971) showed the westward progression of the very long wave of zonal wavenumber one in their hemispheric prediction model which were stationary in the real atmosphere. The model used by them has only 4 layers and its top was placed at 100mb so that it doesn't contain the stratosphere. The false retrogression of the ultra-long waves with Rossby wave speed has been known since the time when hemispheric numerical prediction started and it seems that the problem has not yet been fully solved. As mentioned previously, poor vertical resolution is considered to be a cause of the error.
By adopting a model with finite number of layers, we are forced to introduce "the upper boundary" of the atmosphere which has no physical reality. This is also a part of the present problem and will be discussed in detail.
There have not been so many discussions about vertical resolution of numerical models compared with those about horizontal resolution. Manabe and Hunt (1968) compared the 18-level GCM model with the 9-level model of Smagorinsky et al. (1965) The layer is placed in the uppermost part of the model and it is designed to absorb incident waves but not to reflect or emit waves.
By adopting such a device we may be able to treat the problem of upper boundary separately from the problem of vertical resolution. However, at present the method is not yet fully established and we will not be concerned with this method in the present paper.
In the paper we first obtain the stationary state solutions of planetary waves by use of the models with different resolutions and make intercomparison among them. Next, we discuss the transient states of planetary waves in low resolution models by giving initial conditions, so as to get an idea about the errors in numerical weather forecasting.
The two problems mentioned above are somewhat different.
As mentioned before, the stationary planetary waves do not remain stationary but move westward with time because the vertical resolution is not sufficient (Itoo and Isono, 1971) . It is pointed out that the rapid retrogression of the planetary waves does not occur and the waves move slowly in either direction or the amplitudes of the waves change gradually in models with increasing vertical resolution (Fawcett, 1969; Miyakoda et al. 1972 Assuming that the eastward wave length is L(= 2*/k) and the northward width is D, we separate variables as *(x, y, p, t)=*5(p, t) sin ((*/ D)y) . eikx, and we obtain, Equation (5) is the basic equation of our problem, which corresponds to the potential vorticity equation.
We assume, as the upper boundary condition, that the vertical p-velocity vanishes at the top of a model and free slip condition, i. e., where pt (zt) is the pressure (height) of the top of a model. If a model has enough number of layers and extends to p= 0mb (z= *) , above condition should be a good approximation to physical boundary condition that vertical p-velocity vanishes at the real top of the atmosphere, i.e., As the lower boundary condition, we assume that the vertical p-velocity is caused by surface topography and by convergence in the Ekman boundary layer.
According to Charney and Eliassen (1949) the expression for them is given as follows:
where pb (zb) is the pressure (height) of the top of the Ekman layer assumed to be 900 mb (1 km) in this study. * is the vertical p-velocity caused by surface topography. The second term on the righthand side of the first equation expresses the effect of the Ekman layer. H is the scale height , assumed to be 8 km, and F is expressed as By eliminating * between (3) and (4), we have, where * is the angle between the geostrophic and the surface wind and K is the eddy viscosity . In our model F is fixed to 2.0* 10-6 sec-1.
3. The finite difference scheme Since the effect of vertical resolution may depend on a finite difference scheme, we must be careful to construct a scheme.
In this paper, we use a scheme which seems to be the best one for the geostrophic equations and is generally used in numerical prediction.
We divide the atmosphere from p=pt to p=pb into N layers, with variable grid intervals 2*pk (k=1,...,N), as shown in Fig. 1 . The variable * and parameters U and Kmh are defined at the middle of a layer and *, S, Kmz, and * at the interface of two adjacent layers.
form of the lower boundary condition (7), we eliminate *k (k=1,*, N+ 1) and obtain N linear algebraic equations corresponding to the eq. (5), which contain the variables *k (k=l, * N). In the case of the steady state, we neglect the term *k and obtain *k direly solving them. When we perform time integration, the leap-frog scheme is used.
By changing *pk, N and pt, we make various models from low resolution one to high resolution one.
The basic state
Since we are interested in the performance of general circulation models and numerical prediction models which simulate or predict the actual planetary waves, it is desirable to choose the basic state and various parameter values in our models as close as possible to those of the real atmosphere.
The integration region extend from 1 km up to 90 km high. Static stability is cal- We derive the finite difference form of (3) at the *-level and that of (4) polar-night jet in the winter, weak westerly in the equinoctical seasons and easterly wind in the stratosphere in the summer. We denote each profile as UI, UII, and UIII. As a forcing function for planetary waves, we assume only vertical pvelocity caused by surface topography and assume its amplitude to be 10 -4 mb sec-1 and Q is 0. Other parameters used here are: f= 10-4 sec, * = 1 .6 * 10-11 * sea-l.
The control solution
At first we shall consider what characters the solutions are to have according to the theory by Charney and Drazin (1961 At the level z = zr where U -C = Ur, waves are reflected while at another critical level z = zc where U -C =0, waves are absorbed . Another feature of vertical propagation is the tilt of the wave axis. The wave axis is tilted westward with increasing height when the wave is upward propagating and eastward for downward propagation. When the upward propagating waves are reflected back toward the lower, the upward and downward propagating waves interfere with each other and sometimes a node is formed where the wave phase shifts 180 * . As can be seen from eqs. (9) and (10), these properties are determined by a mean zonal wind U, wavelength L, wave width D and phase velocity C. Since we are interested in the behaviours of stationary planetary waves in low resolution models, we need a control solution which is the most precise approximation to analytical solution. We obtain such solutions with a finite-difference model with 356 layers in the vertical and *z is 250 m. Its top is placed at 90 km and by using artificially large horizontal eddy viscosity above 40 km, upward propagating waves are dissipated there and therefore unnatural reflection at the top should be eliminated (See Fig. 3 and Fig. 5 ).
Here we shall examine the structure of the waves thus obtained as shown in Figs. 6 and 7.
For the case UI-2007 (L=20,000 km, D= 7,000 km, the strong westerly basic flow), the wave is reflected at about 45 km where U equals to Ur and makes a node at about 15 km. Such a feature is also found from the analysis of stationary planetary waves in the winter (See Sato, 1974, Fig. 1 ).
For the case UII-2007 (L = 20,000 km, D = 7,000 km, the weak westerly basic flow), the amplitude of the wave increases exponentially with increasing height. This means that at all heights the mean zonal wind is lower than Ur and hence the wave can propagate upward without reflection. The increase of the amplitude is due to the decrease of the mean density with increasing height. Above 60 km, the wave decays owing to the effect of large eddy viscosity. Unnatural reflection at the top looks to be so small to have no influence in the lower layers (See Fig.  15 (b) ).
For the case UIII-2007 (L=20,000 km, D= 7,000 km, the easterly basic flow), the wave is absorbed at the critical level about 20 km where U equals to 0 and no disturbances penetrate above the level.
For the case UI-1007 (L= 10,000 km, D = 7,000 km), the wave is reflected at the lower level, about 27 km and the amplitude of the wave becomes very small. For the case UI-2005 (L= 20,000 km, D=5,000 km), the wave is reflected at about 32 km. In both cases, the node as appeared at 15 km in UI-2007 vanishes and the wave is confined to the lower layer. From these results, it is supposed that the control solutions may be very good approximations to the corresponding exact solutions. We take these solutions as the control in the following discussion. Typical situations of wave propagation are re- upper boundaries are assumed to be 0 mb, so that they express the stratosphere and the mesosphere with only one or two layers. They are essentially tropospheric models. In the models G7 and G 17 the top is placed at 5 mb (35 km). They are designed to model the troposphere and the lower stratosphere, but G7 has only 3 layers in the stratosphere. The lowering of the upper boundary may cause the unnatural reflection. In the models S18, S23 and S33 the top is placed at 90 km and they have a large dissipating layer above 40 km, which is the same as the control solution. First we shall examine the steady state solutions obtained by imposing topographical forcing as described before. The profiles of disturbance geopotential in the troposphere in various models are shown in Fig. 8 through Fig. 14 .
For the case UI-2007, there must be a node at 100 mb (Figs. 8(a) and 8(b)). However, nodal structure at this height is not found in the results of T3 and T4. Since they express the upper atmosphere above about 200 mb with only one layer and the mean wind is smaller than Ur there, the reflection at the level where U equals to Ur does not occur. In the lower troposphere, the wave axis is tilted westward and the wave phase reverses in the upper troposphere in T3 and T4. Namely a node is formed and the result looks similar to the control solution, except that the node is located at the lower troposphere, which is not the right place. This apparent similarity is considered to be due to the artificial reflection at the top (p=0 mb). We need to be cautious about this point.
In T18 the wave structure is fairly well reproduced including the node, since it has a few layers at about 100 mb. As seen Fig. 8(b) , a significant improvement in the wave structure in the troposphere is achieved when the stratosphere is included. This is because, in this particular situation (UI), the wave reflection by a strong westerly occurs in the stratosphere and has an appreciable influence on the troposphere. In G7 the amplitude is twice as large as that of the control solution. The number of layers of G7 is too small to express a complex structure such as a node. This short-coming can be seen in all cases, though G7 expresses the wave pattern in a qualitative sense.
For the case UII-2007, the amplitudes of the waves in the troposphere in the models T3, T4 and T18 differ greatly from that of the control solution ( Fig. 9(a) ). This is probably caused by the unnatural reflection at the upper boundary of the models, because they can not resolve the damping layer above 40 km which exists in the control solution. The wave axis are tilted westward in T3 and T4 as well as the control solution. But this does not mean that the waves propagate freely upward but that the amplitude of the reflected waves are small compared with that of the upward propagating wave. In G7 and G 17, the amplitude of the waves agree well with the control solution below 200 mb (Fig. 9(b) ). It seems that, although their tops are located at 35 km, the influence of the unnatural reflection is small in the troposphere. This is because, if a 11. From Fig. 10 we can see that among many damping effects Newtonian cooling works most effectively to the planetary scale waves. When we use a damping which is four times as slow as the one chosen in the previous calculations, 40 day in the stratosphere and 80 day in the troposphere, a nodal structure appears clearly in the troposphere on the patterns of both phase and amplitudes even in G17 (See Fig. 11) In T3 and T4, the patterns differ greatly from the control solution as in the former cases.
Since the models cannot express the easterly wind in the stratosphere, the waves do not feel the critical level and the unnatural reflection at the top (p=0 mb) occurs.
In T18 a fairly good result is obtained except that a depression of the amplitude appeared at 100 mb and that the phase changes by about 180 degree there. This erroneous result may be due to the partial reflection of waves, the origin of which may be attributed to sparcity of layers near the critical level at 20 km. Since that level is a singular point as can be seen in eq. (9), grid intervals should be sufficiently small near the critical level. In the models G7, G17 and S23, which express the critical level properly, good approximations are obtained except near 100 mb. In Fig. 13(a) and (b) , the results of the case UI-2005 are shown. In the models T3, T4 and T18 the amplitude is much larger than that of the control solution and the phase shifts as much as 60°. A node at about 400 mb in the control solution shifts upward and becomes unrecognizable in the amplitude distribution. Since the wave Fig. 13 (a) Same as Fig. 8(a) , but for the case UI-2005. Fig. 13(b) Same as Fig. 8(b) , but for the case UI-2005 . are reflected at the lower level, the downward propagating wave can reach the lower troposphere more deeply than in the case UI-2007. Therefore, unnatural reflection at the upper level has a much more influence on the lower troposphere.
The cause of erroneous enhancement of the waves may be interpreted as follows.
In the control solution the wave energy is large in the stratosphere and small in the troposphere. However because the low resolution models have only few layers in the stratosphere, the waves are not properly expressed in the stratosphere. Hence the wave energy is confined in the troposphere and become large there. The same effect can be seen in G7, which has only 3 layers in the stratosphere. When models have enough layers as G 17 and S23, the effect is not significant and good results are obtained.
For the case UI-1007, the same effect as in UI-2005 can be seen (See Fig. 14(a) and (b) ), but only in the results of T3 and T4. Since the wave energy is very small compared to the case UI-2005 and the wave is trapped below about 27 km, the effect of sparcity of layers in the stratosphere is not so serious as before. Therefore, very good profiles are obtained in the other models.
Next we examine the solutions in the stratosphere.
The results are shown in Fig. 15(a) , (b) and (c). The model S18, S23 and S33 generally give good results, though for the case UII-2007, the amplitudes near 50 km in S18 and S23 reduces to 60 or 70*.
The model G 17, the top of which is placed at 35 km, gives very good results for the cases UI-2007 and UIII-2007 (In these figures, we cannot distinguish the pattern in G17 from the control solution).
However in the case UII-2007, the reflection at the top makes nodes at 28 km and 15 km. Therefore, G 17 is not adequate for modelling waves in the stratosphere, when the waves can propagate into the mesosphere.
Fig. 14(a) Same as Fig. 8(a) , but for the case UI-1007.
Fig. 14(b) Same as Fig. 8(b) , but for the case UI-1007. Fig. 16 through Fig. 20 . Time changes of the phase difference from the initial (t=0 day) and the amplitudes calculated by use of the various models are shown as to several levels in the troposphere.
Generally until about 5 day the phase and the amplitude of the waves change greatly and they become stationary after about 20 day. It seems that the waves gradually transform into the models own stationary state which is maintained by *m. Oscil- latory noise can be seen together with this trend. This noise arises from false generation of barotropic Rossby waves retrograding with the period of about 5 to 10 days. In all cases, both the amplitude and the phase change significantly in T3 and T4. The amplitude variation is the same order of magnitude as the initial value and the phase shifts as much as 90*. In particular for the case UII-2007 in T3, the phase reverses at 18 days at the level 150 mb. G7 is not so bad as T3, but the amplitude increases twice as much as the initial (Fig. 17(b) ). Thus we understand that it is not adequate to use these models for the long-range forecasting i.e., time integration up to one week or longer.
As most of numerical prediction models currently used have 5 or 6 layers at most, there must exist the same problem in them.
Since they are used only for one or two day forecasting, the problem has no fatal influence on the forecasting, partly because in such a short period plane- For this case, the amplitude reduces to a half of the initial value and the phase shifts 60*, when time integration is performed ( Fig. 23 and Fig. 24 ). 
Concluding remarks
We examined how the vertical resolution and the upper boundary of a numerical model affect the vertical structure of the stationary planetary waves forced by surface topography using simple one-dimensional equations.
The influence of the upper boundary is negligible in the lower atmosphere if a model has enough number of layers and damping effects such as Newtonian cooling, which act on the wave reflected by the upper boundary, is properly incorporated. If the upper boundary is located at about 35 km and there are several layers in the stratosphere, the influence does not reach the troposphere. But if the values used in this paper * =10 day is reduced by a factor 3 or 4 , the damping effects become smaller and the upper boundary has influence on the troposphere.
The sponge layer may be useful to prevent the unnatural reflection at the top. But it should be placed at the sufficiently high level where no significant reflection of waves of physical reality occurs. For example, if the sponge layer is placed at 100 mb, the wave reflection by the stratospheric jet as appeared in the case UI-2007 can never be expressed properly. Hence it will be necessary for the simulation of planetary waves in the troposphere to place the top in the middle stratosphere even if we use the sponge layer.
For the purpose of simulation of climatological mean state it is permissible to use a model with 5 or 6 layers if one concerns with the results in a qualitative sense. However, it may be necessary that the grid intervals are sufficiently small, as *z=1 *2 km in the troposphere and *z= 
